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Introduction — Coupled Dynamical Systems
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Introduction — Vulnerabilities and Robustness

Perturbations in complex networks
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Introduction — Vulnerabilities and Robustness

Small perturbation — Transient dynamics
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MT,Coletta, Jacquod, Phys. Rev. Lett. 120, 084101 (2018).
MT,Pagnier, Jacquod Sci. Adv. 5(11), eaaw8359 (2019).
MT, Jacquod, Phys. Rev. E 100, 032303 (2019).

MT, Jacquod IEEE L-CSS 5(3), 920-034 (2020).
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Introduction — Vulnerabilities and Robustness

Multistability — Transitions between fixed points

_. >ilk, J. & Vilenkin, A. Phys. Rev. Lett. 83, 1700 (1984).
9. Hogan, C. J. Phys. Lett. 143B, 87 (1984)

10. Vilenkin, A. & Field, G. Nature (in the press). -
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C. E. Gough*, M. S. Colclough*, E. M. Forgan*, 1 e .
R. G. Jordan*, M. Keene*, C. M. Muirhead*, e
A. L. M. Rae*, N. Thomas*, J. S. Abellt & S. Suttont Fig. 2 Output of the r.f.-SQUID magnetometer showing small

integral numbers of flux quanta jumping in and out of the ring.
* Department of Physics, University of Birmingham,
Birmingham B15 2TT, UK
+ Department of Metallurgy and Materials, University of way we deduce that the magnitude of the flux jumps shown in
Birmingham, Birmingham B15 2TT, UK Fig. 1 is typically 100 (h/2e).

Delabays, MT, Jacquod, Chaos 27(10), 103109 (2017).
MT, Delabays, Jacquod, Phys. Rev. E 99(6), 062213 (2019).
Baumann, Sokolov, MT, Phys. Rev. E 102(5), 052313 (2020).
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Introduction — Vulnerabilities and Robustness

Disturbance spreading
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Non-Gaussian noise propagation
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Fritzsch, MT, Jacquod proceedings 60th IEEE CDC (2021).
MT, Hindes, Jacquod, arXiv:2203.00590 (2022).
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Introduction

Small perturbation response
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Coupled Oscillators

Second order Kuramoto model

m,-é,- + d,'é,' = P; — Za,-j sin(t9,- — Gj) , i=1,...,n.
J

ajj = ajj > 0.
P; : natural frequencies.
m; : inertia.
d; : damping.
Electric Power Network (in the lossless line approximation)
P; : injected/consumed power.
m; = 0 : loads.
m; # 0 : generators.
ajjsin(6; — 0;) : power flow from i to j.

J. A. Acebrén, L. L. Bonilla, Conrad J. Pérez Vicente, F. Ritort, and R. Spigler,
Rev. Mod. Phys. 77, 137 (2005)
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Coupled Oscillators

Second order Kuramoto model

m,-é,- + d,'é,' = P,' — Za,-j sin(9,- — 91) , i = ]., ey n.
J

ajj = ajj >0.
Steady-state solutions Synchronous states {9,(0)} such that:

P = Za,-j sin(O,(O) — 91(0)) ,i=1,...n.
J

Zi Pi=0 [(9,(1‘) — (9,'(1') + Qt].

Perturbations P; — P,-(O) +0Pi(t).
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Coupled Dynamical Systems: Example
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Quantifying Robustness

0;,0t)
@ Maximum of the response,
(0) 45(0)
maXt(H,'). oi’ei_\__ N T—
perturbation T t
0;,6,(t)
@ Rate of change of
frequency (RoCoF), 6;. 06
perturbation T t

0;.6i(t)
@ Performance measure
(quadratic integrals over 906
the transient).

perturbation Tt
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Quantifying Robustness

Performance measures
0:,0:(t)

§0GO
perturbation T t
0;.6i(t)
A
060 |
perturbation T >t

Perturbations : P; — P,-(O) + 0P;(t).
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.
Pu(T) = Z/ 16i(t) — 6;9)2dt .
i 0
T . .0
Po(T) = Z/ 16:(8) — 60 dt .
i 0
'Pf’% = 731,2(7-—)00).

Noisy disturbances — divide by
T.
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Response to Perturbations: Linearization

Linear response Perturbation of the natural frequencies.
- Pi(t) = PO+ 6Pi(t) = 0(t) = 01 + 06,(t) -

MG6(t) + D56(t) = 5P(t) — L({6\V})s0(t) |
L({Gfo)}) : the weighted Laplacian matrix,

—ajos(0” —0"), i#],

(0)
Li({6;"}) =
) {zkafkcos(9§°’—0£°)>, i=j

Topology — aj;.
Steady state — {0,(0)}.
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Response to Perturbations: Time Scales

Intrinsic Time Scales
o Network relaxation: 1/\, with {\,} the eigenvalues of L.
@ Individual elements: m/d.
Perturbation Time Scale
o Correlation time of the external perturbation 6 P(t).
Noisy time correlated perturbations
o SP(D)P(F) = 6P expl—|t — ] /70].
Correlation time — 7.
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Response to Perturbations: Specific d Py

Noisy time correlated perturbations

B > ieN, 3Pg; ”i,i(TO + m/d)
1 pr—

Aa(Aa0 + d + m/1p)

N,: noisy nodes.
Averaged perturbations

(6Po,i6Poj) = 6;(0P5)
Short and long correlation time

PX ~ (6Pg) 1o Za22)‘;1/27 AaTo,m/d < 1,Va,
v <5Pg> Zazz/\;27 AaTo,m/d > 1 Va.
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Resistance Distance

Resistance Distance

2
1 _ (Ua,i — Uaj)
Q) = LL+Li-Li-L=)

a>2 @
LT : pseudo inverse of I (because of \; = 0).

Rk = |a;i, cos( 6’(0) 9(0))]
\ k
S\
v -
Y

Klein and Randi¢, J. Math. Chem. 12, 81 (1993).

J
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Resistance Distance and Kfi's

Kirchhoff Index

Kh=> P =nd AL

i<j a>2

Rix = [aix cos(@z@ — 91(;)))]_1
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Resistance Distances and Kfp's

Generalized Resistance Distances

(P) _ gyt 1t 1t 1t
Q7 = Ly+Ly-Ly-Ljy

-y (o ;P”cw')z |

a>?2 «
L' = LP.

Generalized Kirchhoff Indices

Ky = QP =ny " asP.

i<j a>2
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Response to Perturbations: Global Robustness

Averaged perturbations
(6Po,i8Po,j) = 6;(3P5)
Noisy time correlated perturbations

e ~ [ (0P T0KA /N, Namo < 1,Va,
o <5P§> Kf/n, Xamo>1,Va.

Kf>  Noisy Perturbation

=
| n=8,¢=3
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Response to Perturbations: Local Vulnerabilities

Local perturbations
(5P07,' = (5,';(5/30

Noisy time correlated perturbations

2

5Pg T0 D o> u%(’x", AaTo € 1, Vo,
- 2

PX(k) ~ y
1 6P02 Za22;72’ka )\a7—0>>1,VOé.
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Resistance Distances, Kfp’s and G,'s

Centralities
1 1
u —2
+n °Kf,

2
_ a,k

Gk = | 3P| =Y 5
J- o

a>2

Rii = |aik 005(91(0) - ez(go))]fl
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Response to Perturbations: Local Vulnerabilities

Local perturbations
(5P07,' = 5/k5P0
Noisy time correlated perturbations

PE(Kk) ~ 5P 7o [Cy (k) — n2KA], Aamo < 1,Va,
1 - SP2 [CoH(k) — nT2Kh], Moo > 1,Va.
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Specific Local Vulnerabilities and C,'s: Numerics
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Physical Realization : European Electrical Grid

C1(i) /max[C (i)] Co(i) /max[Ca (i)

7o L dfAo ,m/d
79> d/Aa.m/d 7 1.0

P~ B (07 (k) — n2KR)

Ppo o BFaTo (n=1) P~ 6PF (C5 ' (k) — n2Kf») 0.9
2 — Tdm n

70> d/N ym/d 08
~ 0P -1 2 2

P o (Cr (k) — nTPKS) o7
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Transient Response — Conclusion

Global Robustness
@ Generalized Kirchhoff Indices, Kf,'s.
Local Vulnerabilities
@ Generalized Resistance Centralities, Cj's.
o Establish a ranking of the nodes.

— p depends on which performance measures you are interested in and on
the correlation time of the perturbation.
Inertia

@ No effect on performance measures in both asymptotics in 79 except
for frequencies and short 7.
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Introduction — Transitions

P, — P, + 0P,
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Transitions — Steady State Identification

Second-order Kuramoto

m,-é,- + d,'é,' = P,' — Z ajj sin(9,- — HJ) , i = ]., ey N
J
aj=a;=>0.
Steady-state solutions Synchronous state {0,(0)} such that:

Pi=> aysin(0® —6)  i=1.n
j

Winding number g = (2) 1Y, 041 — Oilj—r ]

Delabays, Coletta, Jacquod, Journal of Mathematical Physics-58, 032703-(2017).
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Transitions — Steady State Identification

Meshed network

Delabays, MT, Jacquod, Chaos 27, 103109 (2017).
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Transitions — Noisy Environment

Noisy natural frequencies
e (0P;i(t)) =0,
o (OP;(t)6P;(t')) = 8; 6P3 exp[—|t — t'| /o).

L [ I &

(a) (b)

0 200 400 600 800 1000 0.0 0.5 1.0 1.5
t/TO t/T()
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Transitions — Escape Criterion

Noisy natural frequencies
e (dPi(t)) =0,
o (3Pi(£)0P;(t')) = 0 0PF exp[—|t — t'|/7o].

fo} 16}

N,

‘ !
s

NI 0N
N

V{P})

Escape criterion (562) = ||0() — |3
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Transitions — Linear Response

Escape criterion (562) = ||0() — |3

Noisy natural frequencies
e (dPi(t)) =0,
o (3P(£)dP;(t")) = 0 0PF exp[—[t — | /7o].

. >  op2 70+ m/d
Aim (06°(1)) = oFs ;2 NaOharo - d+ m/o)
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Transitions — Distance to Closest Saddle

Escape criterion (562) = ||0(°) — |3

Single cycle
For identical natural frequencies:

A% = HO(O) N 9””2 - 1,72((712—_21))2”2

Complex networks
Find saddles numerically, e.g. Newton-Raphson.

Delabays, MT, Jacquod, Chaos 27, 103109 (2017).
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Transitions — Prediction
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Transitions — Prediction

Effect of inertia
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Overall Conclusion

Small-signal response

@ Response of coupled oscillators to external perturbations.
@ Global network robustness — Kf,, .
@ Local network vulnerabilities — C,, Kf, .

¥,
&

Transitions

o Estimate for escape probability based on distances between stable and
unstable fixed points.

@ Estimate for first escape time.
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Non-Gaussian noise propagation

Time-correlated fluctuations of wind turbines production

1] \(\ m
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i 48
time [hours]

Power [max power]
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Non-Gaussian noise propagation

Time-correlated non-Gaussian noise

m,-é,- + d,'é,' =P;— Za,-j sin(H,- — 9j) , i=1,...,n.
J
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Non-Gaussian noise propagation

Time-correlated non-Gaussian noise
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Non-Gaussian noise propagation

Time-correlated non-Gaussian noise
M Uy i Uqy i\ 4
aig Yol
00f) = > (o) =p=ed)
, Aa
ip=1 a

43 Z < Z Ua;g\)uul>2(o_z uﬁ7j0uﬂ,i>2’

io<Jo o B /\ﬁ

lim
T0—0

il
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Non-Gaussian noise propagation

Time-correlated non-Gaussian noise

multiple sources

Ny N
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Hot topics

@ Line fault identification
o Delabays, Pagnier, MT New Journal of Physics 23(4), 043037 (2021)
o Delabays, Pagnier, MT arXiv:2202.08317 (2022)

— | | NS

@ Network inference from partial observation
e MT, Delabays, Jacquod Chaos 31(10), 103117 (2021)
e MT, Delabays Journal of Physics: Complexity 2(2), 025016 (2021)
o Delabays, MT IFAC-PapersOnLine 54(9) 696-700 (2021)

W "/an,“

@ Forced oscillations — ongoing work...
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Hot topics

@ Line fault identification

o Delabays, Pagnier, MT New Journal of Physics 23(4), 043037 (2021)
o Delabays, Pagnier, MT arXiv:2202.08317 (2022)

|

NGRS

@ Network inference from partial observation

e MT, Delabays, Jacquod Chaos 31(10), 103117 (2021)
e MT, Delabays Journal of Physics: Complexity 2(2), 025016 (2021)
o Delabays, MT IFAC-PapersOnLine 54(9), 696-700 (2021)

) 1
v% g l‘\“r“\‘ﬂ"["‘gﬂ\/l\«"\"."

@ Forced oscillations — ongoing work...

— BLABS talk April 11.
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