Periodic coupling inhibits second-order consensus on

networks
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Time Dependent Networks

> Time dependent networks
Diffusion-like processes

A. Li, S. P. Cornelius, Y.-Y. Liu, L. Wang, A.-L. Barabasi, Science 358(6366),
1042-1046 (2017).
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Consensus on static networks

Damped Oscillators (DO)
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Consensus on time-dependent networks

Damped Oscillators (DO)

5&,-—|—d)'<,-:—ZVV,-j(t)(X,-—Xj) i=1,..n. (3)

Second Order Consensus (SOC)

Xj = —Z\/V,j(t)[v(x,-—ﬁ)—i—u(k,-—ig)] i=1,..n. (4)

Simplest time-dependence — Wj; = f(t)A;;
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Consensus on time-dependent networks

Damped Oscillators (DO)

X4 dx=— Z Wy(t)(xi —x;) i=1,..n. (5)

Second Order Consensus (SOC)
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Consensus on time-dependent networks

General Form

%+ d(t)x = —L(t)(7x + pX) | (7)

e DO: d(t)=d, p=0.
e SOC: d(t)=0,~, u#0.
Time-dependence — L(t) = ()L

(0)_ _AU7 I%Ja
L.’ = L 8
y { ZkAikv Ir=]j. ( )

Eigenvalues — A\, (t) = f(t)A(ao)
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Consensus on time-dependent networks

Expansion over network modes x; = > cyUq i
— Co + k(t)Ca +7Aa(t)ca =0, (9)

k(t) = d(t) + pAa(t).
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Consensus on time-dependent networks

Expansion over network modes x; = ) cyUq i
— Ca + k(t)Ca +YAa(t)ca =0, (10)

k(t) = d(t) + pAa(t).

Parametric oscillator along each network mode.
X+ d(t)x +w(t)x =0, (11)

— tuning damping/natural frequency induces resonances.

L. D. Landau and E. M. Lifschitz, Lehrbuch der TheoretischenPhysik, Band |,
Mechanik, 11th ed. (Akademie, Berlin, 1984),Vol. 1.
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Theory — conditions for resonances

Coupling Network — L(t) = £(t)L( .

Time-dependence f(t) = [1 + hsin(wt)].

— Co + k(t)Ca +YAa(t)ca =0, (12)
ca(t) = e KWgy(t), (13)
1 ‘ / /
K(t) = 2/0 k(t)dt' . (14)
Substituting those into Eq. (12) yields
G + Q2(t)ga = 0, (Hill equation) (15)
Q2 (1) = YAa(t) — K3(8)/4 — k(t)/2. (16)
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Theory — conditions for resonances

Coupling Network — L(t) = £(¢)L( .

Time-dependence f(t) = [1 + hsin(wt)].
Go + Q2(t)ga = 0, (Hill equation) (17)

@ Damped oscillator

d 2
wh = 2 = 24729 (2> | (19)
@ Second order consensus
2
A
W = 2wa = 24| A — <M2> ; (19)
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Theory — conditions for resonances

Coupling Network — L(t) = £(¢)L( .

Time-dependence f(t) = [1 + hsin(wt)].
@ Damped oscillator

2
Wl = 2 =2 vhgo)‘@) | 20)

@ Second order consensus

2
wh =2w, =2 fy)\,go) — (’lng))> , (21)
Ga(t) = an(t) cos[(wa + €)t] + ba(t) sin[(wq + €)t], (22)

— conditions for resonance on h, w,, d, €.
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Numerics — conditions for resonances

Complete network (aka all-to-all, n = 100)
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e DO:

e SOC:
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Numerics — conditions for resonances

Complete network (aka all-to-all, n =5)
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Numerics — conditions for resonances

Cycle networks (n =5 and n = 25)

a) o — S1e2(s2—s1)t b)
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W' = 2\/2 — 2cos(ka) — <‘2’>2 (26)

wh=2\/2— 2 + (20— ) cos(ka) — R cos?(ka)  (27)

e SOC:
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Numerics — conditions for resonances

Erdds-Rényi networks (n = 25 and n = 100)
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Numerics — conditions for resonances

Nonlinear model: second order Kuramoto

$i+d i = w; — Z j(t)sin(g; — ¢) , (30)

Jj=1

8¢i+ddg; = Z Wii(t) cos(di,o — 91,0)(6i,0 — 66j0) - (31)
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Numerics — conditions for resonances

Kuramoto: complete graph (n =15)
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Conclusion

Consensus on time-dependent networks
@ Time-dependent networks: average interaction not sufficient.
@ Resonances for diffusion-like processes with second order.
@ Devise algorithms to disrupt consensus.
@ Inference algorithms.
Future work

@ Consider local time-dependent coupling.

F. Baumann, I.M. Sokolov, MT, Physical Review E 102-(5), 052313 (2020)
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Conclusion

Consensus on time-dependent networks
@ Time-dependent networks: average interaction not sufficient.
@ Resonances for diffusion-like processes with second order.
@ Devise algorithms to disrupt consensus.
@ Inference algorithms.
Future work
@ Consider local time-dependent coupling.
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