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Synchronization

Simple experiment: coupled metronomes

Other examples:

Fireflies flashing in unison
People clapping their hands or walking on a bridge
Synchronization of the quantum phase of Josephson junctions arrays
Synchronization of the phase of the voltages in electric power grids
Consensus formation on influence networks
Vehicular platoon formation
Orchestra
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Synchronization and Music

Shahal et al. Nature communications 11, 3854 (2020).
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Modelling Synchronization

Single phase oscillator: θ̇ = ω

Coupled phase oscillators: θ̇i = ωi −
∑

j bij f (θi − θj)

Synchonization: phase-locked θ̇i (t) = θ̇j(t) , ∀i , j .
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Modelling of Synchronization

Kuramoto model

θ̇i = ωi −
K

N

N∑
j=1

sin(θi − θj) , for i = 1, ...,N . (1)

ωi : natural frequencies.

Order parameter

re i ψ = N−1
N∑
j=1

e i θj (2)

ψ: average phase.
Illustration

θ̇i = ωi − Kr sin(ψ − θi ) , for i = 1, ...,N . (3)

Y. Kuramoto, Lecture Notes in Physics 39, International Symposium on
Mathematical Problems in Theoretical Physics (1975).
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Synchronization on networks

Kuramoto model

θ̇i = ωi −
N∑
j=1

bij sin(θi − θj) , for i = 1, ...,N . (4)

ωi : natural frequencies.
bij : adjacency matrix.

Multistability

Good survey Dörfler and Bullo, Automatica 50 (6), 1539-1564, (2014)
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Synchronization on networks

Delabays, MT, Jacquod, Chaos 27(10), 103109 (2017)
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Robustness of synchronous networks

Size of the basin of attraction

Near equilibrium dynamics

Transitions between fixed points
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Robustness of synchronous networks to noise inputs

Near equilibrium dynamics

0 = ωi −
N∑
j=1

bij sin(θ
(0)
i − θ

(0)
j ) , for i = 1, ...,N . (5)

δθ̇i = −
N∑
j=1

bij cos(θ
(0)
i − θ

(0)
j )(δθi − δθj) + ηi (t) , for i = 1, ...,N . (6)

ηi (t): Noise inputs.
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Robustness of synchronous networks to noise inputs

Near equilibrium dynamics

δθ̇ = −L({θ(0)k })δθ + η(t) , for i = 1, ...,N . (7)

L({θ(0)k }): Jacobian, with eigenvalues λ1 = 0 < λ2 ≤ ... ≤ λN .

Solution

δθi (t) =
∑
α

e−λα t

∫ t

0
eλα t′

∑
j

ηj(t
′)uα,jdt

′ uα,i . (8)
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Robustness of synchronous networks to noise inputs

Uncorrelated white noise

⟨ηi (t)ηj(t ′)⟩ = η20 τ0 δij δ(t − t ′) (9)

Variance at node i

⟨δθ2i ⟩ =
η20 τ0
2

∑
α

u2α,i
λα

(10)

Average variance in the network

N−1
∑
i

⟨δθ2i ⟩ =
η20 τ0
2N

∑
α

1

λα
(11)
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Robustness of synchronous networks to noise inputs

Time-correlated noise

⟨ηi (t)ηj(t ′)⟩ = η20 δij e
−|t−t′|/τ0 (12)

Variance at node i for τ0 ≫ λ−1
α

⟨δθ2i ⟩ = η20
∑
α

u2α,i
λ2α

(13)

Average variance in the network

N−1
∑
i

⟨δθ2i ⟩ =
η20
N

∑
α

1

λ2α
(14)
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Robustness of synchronous networks to noise inputs

Escape from the initial basin of attraction

It can be even worst!

MT, Delabays, Jacquod, Phys. Rev. E 99 (6), 062213 (2019)
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Layered Networks

MT, J. Phys. Complex. 3, 03LT01 (2022)
MT, Chaos 32(12), 121102, fast track (2022)
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Layered Networks: Multistability

Layered Kuramoto oscillators:

ϕ̇i = ω
(1)
i −

N∑
j=1

b
(1)
ij sin(ϕi − ϕj) + ηi i = 1, ...N ,

θ̇i = ω
(2)
i −

N∑
j=1

b
(2)
ij sin(θi − θj) + fi ({ϕk}, {θk}) i = 1, ...N, ,

(15)

Uncorrelated white noise: ⟨ηi (t)ηj(t ′)⟩ = η20 δij δ(t − t ′)

Simplest choice: fi ({ϕk}, {θk}) = d(ϕi − N−1
∑

j ϕj)

Noise in the 2nd layer: ⟨ϕi (t)ϕj(t ′)⟩ =
η20
2

∑
α

u
(1)
α,iu

(1)
α,j

λ
(1)
α

e−λ
(1)
α |t−t′|.

MT, J. Phys. Complex. 3, 03LT01 (2022)
MT, Chaos 32(12), 121102, fast track (2022)
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(15)

L(1)
ij ({ϕ(0)i }) =

{
−b

(1)
ij cos(ϕ

(0)
i − ϕ

(0)
j ) , i ̸= j ,∑

k b
(1)
ik cos(ϕ

(0)
i − ϕ

(0)
k ) , i = j ,

L(2)
ij ({θ(0)i }) =

{
−b

(2)
ij cos(θ

(0)
i − θ

(0)
j ) , i ̸= j ,∑

k b
(2)
ik cos(θ

(0)
i − θ

(0)
k ) , i = j ,
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2

∑
α

u
(1)
α,iu

(1)
α,j

λ
(1)
α

e−λ
(1)
α |t−t′|.

MT, J. Phys. Complex. 3, 03LT01 (2022)
MT, Chaos 32(12), 121102, fast track (2022)

Melvyn Tyloo (melvyntyloo.com) BLABS mtyloo@lanl.gov — 4/24/23 17 / 28

https://www.melvyntyloo.com/


Layered Networks: Multistability

Layered Kuramoto oscillators:

ϕ̇i = ω
(1)
i −

N∑
j=1

b
(1)
ij sin(ϕi − ϕj) + ηi i = 1, ...N ,

θ̇i = ω
(2)
i −

N∑
j=1

b
(2)
ij sin(θi − θj) + fi ({ϕk}, {θk}) i = 1, ...N, ,

(15)

Two sets of time-scales:

λ
(1)
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Layered Networks

Analytical treatment:

ϕi (t) =
∑
α

e−λ
(1)
α t

∫ t

0
eλ

(1)
α t′

∑
j

ηj u
(1)
α,j dt

′ u
(1)
α,i , (16)

θi (t) =
∑
α

e−λ
(2)
α t

∫ t

0
eλ

(2)
α t′

∑
j

ϕj u
(2)
α,j dt

′ u
(2)
α,i . (17)

Layer 1:

⟨ϕ2i ⟩ =
η20
2

∑
α

u
(1)
α,i

2

λ
(1)
α

, (18)

Layer 2:
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u
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λ
(1)
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Layer 2:

⟨θ2i ⟩ =
η20
2

∑
α,β,γ

∑
k,l

u
(1)
γ,ku

(1)
γ,l u

(2)
α,ku

(2)
β,l [2λ

(1)
γ + λ

(2)
α + λ

(2)
β ]

λ
(1)
γ (λ

(2)
α + λ

(2)
β )(λ

(1)
γ + λ

(2)
α )(λ

(1)
γ + λ

(2)
β )

u
(2)
α,i u

(2)
β,i .

(19)
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η20
2

∑
α

u
(1)
α,i

2

λ
(1)
α

, (18)

Layer 2: Same networks

⟨θ2i ⟩ =
η20
4

∑
α

u2α,i
λ3α

. (19)
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Layered Networks: Amplification

MT, J. Phys. Complex. 3, 03LT01 (2022)
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Layered Networks: Transitions

⟨x2i ⟩ =
η20
2

∑
α

u
(1)
α,i

2

λ
(1)
α

, ⟨y2i ⟩ =
η20
4

∑
α

u2α,i

λ3α
.

MT, Chaos 32(12), 121102, fast track (2022)
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Layered Networks: Transitions

Cycle
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Layered Networks: Transitions

Rescaled noise: η = d ϕ

N−1
∑
i

⟨ξ2i ⟩ = η20 , (20)
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Layered Networks: Transitions

Rescaled noise: η = d ϕ

N−1
∑
i

⟨ξ2i ⟩ = η20 , (20)
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Layered Networks: Transitions

Watts-Strogatz

2.00 2.25 2.50 2.75 3.00 3.25 3.50 3.75

0

100

101

102

103

104

105

106

T e
sc

[s
]

MT, Chaos 32(12), 121102, fast track (2022)
Melvyn Tyloo (melvyntyloo.com) BLABS mtyloo@lanl.gov — 4/24/23 25 / 28

https://www.melvyntyloo.com/


Layered Networks: Transitions

Rescaled noise: η = d δx

N−1
∑
i

⟨ξ2i ⟩ = η20 , (21)
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Layered Networks: Amplification

Applications to photonics and brain dynamics...?
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Conclusion and future work

So far

White-noise is not that dangerous... compared to correlated noise.

Be careful with system-specific correlations.

Future work

Spatial correlation (Collaboration with NRL).
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