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Growings Coupled Dynamical Systems

Autonomous vehicular platoon

source: topgear.com URL

Electric power grids

Collective states →Evolution of robustness

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 2 / 23

https://www.topgear.com/car%20news/what-are-sae-levels-autonomous-driving-uk
https://www.melvyntyloo.com/


Growings Coupled Dynamical Systems

Autonomous vehicular platoon

source: topgear.com URL

Electric power grids

Collective states →Evolution of robustness

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 2 / 23

https://www.topgear.com/car%20news/what-are-sae-levels-autonomous-driving-uk
https://www.melvyntyloo.com/


Growings Coupled Dynamical Systems

Autonomous vehicular platoon

source: topgear.com URL

Electric power grids

Collective states

→Evolution of robustness

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 2 / 23

https://www.topgear.com/car%20news/what-are-sae-levels-autonomous-driving-uk
https://www.melvyntyloo.com/


Growings Coupled Dynamical Systems

Autonomous vehicular platoon

source: topgear.com URL

Electric power grids

Collective states →Evolution of robustness

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 2 / 23

https://www.topgear.com/car%20news/what-are-sae-levels-autonomous-driving-uk
https://www.melvyntyloo.com/


Network realization
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Growings Networks
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Diffusively coupled systems

Linear coupled oscillators

ẋi = −
N∑
j=1

aij(xi − xj) + ηi , i = 1, ...N , (1)

Adjacency matrix elements: aij = aji > 0
White-noise inputs: ⟨ηi (t)ηj(t ′)⟩ = η20 δij δ(t − t) .

1

N

N∑
j=1

⟨x2j ⟩ =
η20
2
Kf1/N , (2)
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Network descriptors

Kirchhoff Index
Kf1 =

∑
i<j

Ωij . (3)

The resistance distance between node i and j is defined by,

Ωij = [L†]ii − 2[L†]ij + [L†]jj , (4)

Lij =

{
aij i ̸= j

−
∑N

k=1 aik i = j ,
(5)

Kf1 = N
∑
α>1

1

λα
= N Tr[L†] . (6)

D. J. Klein and M. Randić , Journal of Mathematical Chemistry 12, 81-95 (1993).
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Growing network

Questions

1 How does Kf1 evolves when the network is growing?

2 Can we control it?
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Robustness of growing network

Adding an edge

Kfk(t + 1) = Kf1(t)−
aklTr[L†

ekle
⊤
klL†]

1 + aklΩlk(t)
= Kf1(t)− Nt

[
aklΩ

(2)
kl (t)

1 + aklΩkl(t)

]
, (7)

where Ω
(2)
kl (t) =

∑
α>1(uα,i − uα,j)

2/λ2α is a semi-metric.

Only reduces the Kirchhoff index.
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Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew
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Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew

Kf1(t + 1) = Kf1(t) +
Nt∑
l=1

Ωkl(t) +
Nt

anew
, (8)
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Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew

Worst case

Nt∑
l=1

Ωkl(t) ∼=
Nt(Nt − 1)

2
. (9)

Kf1(t + 1) ∼= Kf1(t) +
Nt(Nt − 1)

2
+

Nt

anew

t→∞∝ N3
t , (10)

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 11 / 23

https://www.melvyntyloo.com/


Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew

Worst case

Nt∑
l=1

Ωkl(t) ∼=
Nt(Nt − 1)

2
. (9)

Kf1(t + 1) ∼= Kf1(t) +
Nt(Nt − 1)

2
+

Nt

anew

t→∞∝ N3
t , (10)

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 11 / 23

https://www.melvyntyloo.com/


Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew

Best case

Nt∑
l=1

Ωkl(t) ∼= (Nt − 1) , (11)

Kf1(t + 1) ∼= Kf1(t) + (Nt − 1) +
Nt

anew

t→∞∝ N2
t . (12)
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Robustness of growing network

Adding one node with one edge
t t+1

k
Nt+1anew

Random case

⟨Kf1(t + 1)⟩ = ⟨Kf1(t)⟩
(
1 +

2

Nt

)
+

Nt

anew
(13)

=
(N0 + t + 1)

anew

[
anew

Kf1(0)(N0+2)
N0

(N0 + t + 2)− 2(N0 + 2)(t + 1)

(N0 + 1)(N0 + 2)

+ (N0 + t + 2)(HN0+t+1 − HN0)] (14)

=
(N0 + t + 1)

anew

[
anew

Kf1(0)(N0+2)
N0

(N0 + t + 2)− 2(N0 + 2)(t + 1)

(N0 + 1)(N0 + 2)

+ (N0 + t + 2){ψ0(N0 + t + 1)− ψ0(N0)}] , (15)
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Robustness of growing network

Adding one node with one edge

t t+1
k

Nt+1anew

Random case

⟨Kf1(t)⟩
t→∞∝ N2

t logNt . (16)
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Robustness of growing network

Adding one node with one edge

Melvyn Tyloo (melvyntyloo.com) Complenet 2024, University of Exeter mtyloo@lanl.gov — 4/25/24 15 / 23

https://www.melvyntyloo.com/


Robustness of growing network

Adding one node with two edges
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Robustness of growing network

Adding one node with two edges

ωkl = a−1
k Nt+1

+ a−1
l Nt+1

. (17)

Kfk(t + 1) =
1

2

Nt∑
i ,j=1

Ωij(t + 1) +
Nt∑
i=1

ΩiNt+1(t + 1) (18)

= Kf1(t)− Nt

[
ω−1
kl Ω

(2)
kl (t)

1 + ω−1
kl Ωlk(t)

]
+

Nt∑
i=1

ΩiNt+1(t + 1) . (19)
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Robustness of growing network

Adding one node with two edges

ωkl = a−1
k Nt+1

+ a−1
l Nt+1

. (20)

Ωij(t + 1) = Ωij(t)−
ω−1
kl [e⊤

ij L†(t)ekl ]
2

1 + ω−1
kl Ωkl(t)

, i , j = 1, ...,Nt , (21)
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Robustness of growing network

Adding one node with two edges

ωkl = a−1
k Nt+1

+ a−1
l Nt+1

. (22)

Nt∑
i=1

ΩiNt+1(t + 1) ∼=
1

(ak Nt+1 + al Nt+1)

Nt∑
j=1

[akjΩkj(t + 1) + aljΩlj(t + 1)] . (23)
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Robustness of growing network

Adding one node with two edges

Kf1(t + 1) = ρkl(t)− µkl(t) (24)

µkl(t) =
ω−1
kl

1 + ω−1
kl Ωlk(t)

{
(Nt + 1)Ω

(2)
kl (t) + Nt

Ω2
kl(t)

2
+ Nt

[
C−1(k , t)− C−1(l , t)

]2
2

+ Nt
(ak Nt+1 − al Nt+1)

(ak Nt+1 + al Nt+1)

[
C−1(k, t)− C−1(l , t)

]
Ωkl(t)

}
, (25)

ρkl(t) = Nt
ak Nt+1C

−1(k , t) + al Nt+1C
−1(l , t)

(ak Nt+1 + al Nt+1)
. (26)
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Robustness of growing network

Adding one node with two edges
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Robustness of growing network

Adding one node with two edges
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Conclusion and future work

So far

Add edges → reduces the Kirchhoff index.

Add nodes together with edges → different scalings achievable.

Connection between the evolution of the Kirchhoff index and the nodes properties.

Future work

Check other properties of the networks generated.

Combination of growing mechanisms.

MT, Entropy 25, 1340 (2023).
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