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The frequency response of networks as open
systems

Amirhossein Nazerian 1, Malbor Asllani 2, Melvyn Tyloo 3,4,
Wai Lim Ku 5,6,7 & Francesco Sorrentino 1,8

Manybiological, technological, and social systems can be effectively described
as networks of interacting subsystems. Typically, these networks are not iso-
lated objects, but interact with their environment through both signals and
information that are received by specific nodes with an input function or
released to the environment by other nodes with an output function. An
important question is whether the structure of different networks, together
with the particular selection of input and output nodes, is such that it favors
the passing or blocking of such signals. For a given network and a given choice
of the input and output nodes, the H2-norm provides a natural and general
quantification of the extent to which input signals–whether deterministic or
stochastic, periodic or arbitrary–are amplified. We analyze a diverse set of
empirical networks and find that many naturally occurring systems, such as
food webs, signaling pathways, and gene regulatory circuits, are structurally
organized to enhance the passing of signals; in contrast, the structure of
engineered systems like power grids appears to be intentionally designed to
suppress signal propagation.

Networked dynamical systems are omnipresent in nature and engi-
neering, ranging fromneuronal dynamics to electric power grids. They
consist of many interacting units, each with its own intrinsic para-
meters and degrees of freedom,whosemutual coupling typically gives
rise to rich collective behaviors. Usually, these networks are not iso-
lated from their environment, but are subjected to external pertur-
bations, operational changes, and external stimuli. Examples are
neuron networks subject to sensory stimuli1,2, power grids that both
absorb power produced at the generators and deliver power at the
loads3–5, and networks subject to the effects of environmental noise,
such as ecological networks6. At the same time, networks produce
outputs that affect the environment. Hence, the response of net-
worked systems to external inputs essentially depends on the choice
of the input nodes and output nodes and on the structure and char-
acteristics of the network connectivity.

While a large body of literature has studied control strategies for
networks, see e.g.,7–10, this paper focuses on the responseof networked
systems to various environmental inputs, not limited to control sig-
nals. References11–16 have studied the response of a networked system
to external stimuli. These studies have primarily focused on graphs
with symmetric connectivity or, at most, on asymmetric but normal
adjacency matrices. Yet, most real-world networks are highly non-
normal, strongly directed, and often exhibit pronounced hierarchical
organization—structural features that profoundly shape their dyna-
mical response17–25. In such networks, non-normality acts as an alge-
braic expression of directedness and emerges from strong
asymmetries in the adjacency pattern with a clear source and sink
structure, and induces strongly biased directions of flow. Structurally,
highly non-normal networks are close to acyclic, with a dominant
directed acyclic backbone and only sparse or weak cycles; this can be
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quantified, for example, by measuring the distance from the largest
directed acyclic subgraph, a quantity that indicates how close the
network is to a loopless structure17–19.

Consistent with this view, recent work shows that increasing
directedness and non-normality leads to flows that aremore localized,
strongly biased downstream, and effectively irreversible, so that these
architectures naturally favor oneway signal transfer toward terminal
components and sink nodes22,25. Motivated by these properties, our
approach does not assume symmetry and addresses the response to
general input signals, such as sinusoidal, periodic, and stochastic,
within a unified framework. Recent works have focused on how dif-
ferent nonlinearities affect the propagation patterns and stability in
complex networks26,27. Here, instead, we aim at characterizing whether
specific types of networks tend to facilitate or block signal transmis-
sion, in terms of the combined effect of network structure as well as
the corresponding dynamics.

This paper examines how complex networks of coupled dynami-
cal systems respond to environmental interactions, where external
signals are received at designated input nodes and measured at spe-
cific output nodes28–31. An open network is defined by (i) its internal
topology, i.e., the setN of the network nodes and the set E of directed,
possibly weighted, edges that connect them, (ii) the set of input nodes
I � N where external stimuli are applied, and (iii) the set of output
nodes O � N where the response is measured. As illustrated sche-
matically in Fig. 1, the network structure and its internal connectivity
shape how input signals-including sinusoidal, periodic, and noisy-are

transformed as they propagate from input to output, with different
frequency components affected by amplification, attenuation, or dis-
tortion, depending on the structural properties of the network. Such
signals are ubiquitous in natural and technological systems-for exam-
ple, gene regulatory networks responding to circadian rhythms32,
power grids operating at standardized frequencies of 50–60 Hz33, and
neuronal circuits processing signals across a broad frequency range of
roughly 0.1–100Hz34-and we emphasize that our framework also
applies to noise and arbitrary signals.

In panel (a) of Fig. 1, a low-frequency sinusoidal input may
undergo phase shift and amplification, whereas a high-frequency input
is attenuated. Panel (b) illustrates a network that suppresses noise. In
panel (c), the output signal generally differs in shape from its corre-
sponding input. In panel (d), the input contains both low- and high-
frequency components; in the output, the low-frequency component
passes through, while the high-frequency component is strongly
attenuated and effectively filtered out. The Methods Section “Fre-
quency response example” presents a numerical example of signal
transformation when it passes through a real connectome network.

In this paper, we adopt a frequency-response viewpoint and
quantify signal amplification using the H2-norm, which captures
responses to sinusoidal, periodic, noisy, and more general inputs. Our
analysis investigates how the topology of a network and the placement
of its input and output nodes shape the amplification or attenuation of
external signals. We establish a direct relationship between the net-
work’s topology, its transfer function, and the controllability Gramian,

Fig. 1 | Networks as open systems. The schematic summarizes the goal of the
paper in studying how an external signal is altered when it passes through a net-
work. The network is subjected to various input signals from the environment,
which are only received at the input nodes (in blue.) The response of the network is
measured at some output nodes (in orange). Several input signals that are con-
sidered in this paper and the corresponding output signals are shown. In (a), a low-

frequency sinusoidal input signal may experience a phase shift and amplification,
while a high-frequency one may be damped. The case in (b) is that of noise sup-
pression. In (c), the shape of a general output signal may not be the same as its
corresponding input signal. In (d), the input signal contains both a low frequency
and a high frequency components. In the output signal, the low frequency passes
while the high frequency is strongly damped and thus effectively blocked.
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which serves as a central tool in our study. This framework allows us to
assess whether empirical networks tend to amplify (pass) or suppress
(block) external inputs for given input-output configurations.

Building on this framework, we apply it to a broad collection of
empirical networks from biology, technology, and social systems in
order to uncover structural principles governing how they transform
signals from input to output. Key findings are that many biological
networks-such as food webs, signaling pathways, and gene regulatory
networks-tend to exhibit architectures that enhance the passing of
signals, supporting the efficient flow of biomass, information, or reg-
ulatory activity. This signal-passing behavior is especially evident in
directed acyclic graphs (DAGs), namely directed networks that contain
no directed cycles, which are known to closely approximate many
natural real-world networks18 and suggest that such architectures
inherently promote signal propagation. Motivated by this, we analy-
tically compute the DC gain, i.e., the input-to-output gain when the
input is a constant signal for DAG networks, thereby linking amplifi-
cation or attenuation directly to the number and length of the input-
output pathways. In contrast, engineered systems such as power grids-
better described as undirected (symmetric) graphs-appear to be pur-
posefully designed to suppress signal amplification, reflecting the
need for regulation of transmitted signals, such as voltage phase dif-
ferences, to ensure stable and synchronized operation.

Results
Frequency analysis of networks as open systems
Many natural and engineered systems-such as gene networks, power
grids, and neural circuits-can be modeled as open networks, where
each node evolves through intrinsic dynamics, interacts with neigh-
bors, and communicates with the environment via inputs and outputs.
While inherently nonlinear, such systems can often be approximated
near equilibrium by a linear time-invariant (LTI) model, enabling
powerful analysis through linear control theory.

Throughout this work we consider a general nonlinear model for
the network dynamics of the form, _ziðtÞ= f ðziðtÞÞ+
σ
P

j
eAij gðziðtÞ, zjðtÞÞ, i = 1, . . ,N, where ziðtÞ 2 R is the state of system i,

the function f : R ! R describes the intrinsic dynamics of each node,
g : R×R ! R the pairwise interactions, the scalar σ is the global
coupling strength, and eA 2 RN ×N is the directed adjacency matrix of
the network.With suitable choices of the functions f and g, this general
framework has been applied to model diverse networked systems,
such as power grids, food webs with competitive and mutualistic
interactions, gene-regulatory networks, and neuronal population
dynamics. Since many real-world networked systems operate near a
stable equilibrium,we study here the linearized dynamics around such
an equilibrium, _xi = � Aiixi +

P
j Aijxj, i= 1, . . . ,N, where the inter-

dependencies among the linearized states xi of the network nodes are
captured by the network Jacobian matrix A = [Aij]. Since here we con-
sider a stablefixedpoint, all eigenvaluesof the JacobianmatrixAhave a
negative real part. For more details on the steps involved in the line-
arization, see the Methods Section “From nonlinear to linearized
equations”. We remark that the network Jacobian A shares a similar
structure as the network adjacency matrix eA, which is demonstrated
with an example in the Methods Section “From nonlinear to linearized
equations”.

This formulation leads to a networked system governed by the
standard LTI equations:

_xðtÞ=AxðtÞ+BuðtÞ,
yðtÞ=CxðtÞ, ð1Þ

where xðtÞ 2 RN is the network state vector, and uðtÞ 2 Rm is the
vector of external input signals acting on the network, reflecting its
open nature. The output vector yðtÞ 2 Rp collects signals from selec-
ted nodes. ThematrixA is the network Jacobian introduced before, the

matrices B and C encode information on the nodes where inputs enter
the network and the nodes from which outputs are measured,
respectively. Each column of B corresponds to one input signal and
contains a single 1. IfBij = 1, thismeans that input j is received at node i.
Similarly, each row of C corresponds to one output signal and also
contains a single 1. If Cij = 1, this means that output i is measured at
node j. In short, each input is injected at exactly one node, and each
output is read from exactly one node.

The LTI approximation provides a principled and analytically
tractable framework for studying networked systems operating near
stable fixed points, during short transients, or under weak perturba-
tions, where the linearized dynamics captures the dominant system
behavior. This includes many biological and engineered systems
functioning under steady-state conditions. Also, systems near criti-
cality, such as second-order phase transitions, where linear responses
capture essential behavior35, can be modeled as LTI systems. Even in
synchronization problems, governing models in neurodynamics, the
LTI framework remains valid when the system is close to the onset of
collective oscillations, which typically arise through a Hopf bifurcation
occurring at a specific mode (e.g., zero wavenumber or the zero cou-
pling eigenvalue)36–38. In such cases, the dynamics can be linearized
around the fixed point prior to bifurcation, yielding time-invariant
Jacobians that characterize local behavior. Crucially, we find an
important relation with the non-normality of the network Jacobian
matrix, which is known to induce transient amplification and shape
control energy39 and is an ubiquitous feature of real-world networks.
Finally, one should note that many-body interactions can also be
accounted for within our framework. Indeed, when linearizing the
dynamics around a stable fixed point, the interaction can, at leading
order, be described by an effective pair-wise directed network through
the Jacobian. In what follows, we restrict our attention to this first-
order (linear) approximation, although higher-order terms, e.g., in
phase-reduction expansions, can generate explicit many-body effec-
tive interactions beyond this description40.

In this work, we adopt a frequency-domain approach to char-
acterize the dynamics of networked open systems. Any periodic input
can be decomposed into a superposition of sinusoids via Fourier
analysis, enabling the study of the system’s frequency response to
generic inputs. For the LTI model in Eq. (1), the transfer function41 is
defined as

GðsÞ=CðsI� AÞ�1B: ð2Þ

By evaluating the transfer function at s = Jω, where ω is the input
frequency and J =

ffiffiffiffiffiffi
�1

p
, we probe the system’s steady-state response to

sinusoidal inputs. After the transient has elapsed, the output oscillates
at the same frequencyωof the input signal, butwith alteredmagnitude
and phase, given by

Magnitude = 20log10jGðJωÞj, Phase =ffGðJωÞ: ð3Þ

Specifically, if the input signal uðtÞ= sinðωtÞ, then the output sig-
nal yðtÞ= Magnitude � sinðωt +PhaseÞ41. The factor 20log10ð�Þ in Eq. (3)
expresses the magnitude ∣G(jω)∣ in decibels (dB), the conventional
logarithmic unit for system gain. This frequency-based formulation
underpins our analysis and enables principled insights into how the
network structure shapes signal transmission and network
performance.

An important case of the frequency response analysis arises in the
low-frequency limit, whichcorresponds to the caseof slowly varyingor
constant inputs, such as step functions42. This steady-state behavior is
captured by the so-called DC gain. In this limit, the frequency variable
approaches zero, ω → 0. We have provided a general formulation for
the DC gain in the Methods Section “DC gain”.
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H2-Norm
In this work, the H2-norm

43 serves as our principal analytical tool to
quantify how the structure of a networked system shapes the ampli-
ficationof inputs into outputs. For a given open network characterized
by the triplet A, B, C, the H2-norm provides a universal and versatile
measure of input-to-output amplification with general relevance in at
least three fundamental scenarios: arbitrary time-varying inputs,
sinusoidal inputs across the frequency spectrum, and noisy (stochas-
tic) inputs. This classical optimal control performance indexmeasures
the total energy transfer from inputs to outputs43,44, quantifies variance
amplification in stochastically driven linear systems45, and coincides
with the trace of the Gramian in linear time-invariant settings43,44.
Intuitively, it reflects both the energy of the impulse response46 and the
sensitivity of the system’s output to random input fluctuations.

The H2-norm squared for the system with transfer function (2)
measures the energy of the response to a unit impulse and can be
computed as

k Gk22 :=
1
2π

Tr
Z +1

�1
GðJωÞHGðJωÞdω

� �
= Tr

Z +1

0
CeAtBB>eA

>tC>dt
� �

= Tr ½CWcC
>�,

ð4Þ

where Wc is the continuous-time controllability Gramian47 and is
defined as

Wc =
Z +1

0
eAtBB>eA

>tdt, ð5Þ

which, for simplicity, we refer to as theGramian throughout the paper.
An important observation from Eq. (4) is that the H2-norm squared
provides a measure of amplification to all frequencies between 0 and
∞, as well as to impulse time signals.

ThematrixWc in (5) is symmetric and positive semi-definite and is
finite if and only if the Jacobian matrix A has all eigenvalues with
negative real parts. The matrix Wc can be easily calculated by solving
the following continuous-time Lyapunov equation47 for Wc:

AWc +WcA
> +BB> =0: ð6Þ

Formore information on the properties of the Controllability Gramian
(5), see the Methods Section “Properties of the controllability Gra-
mian”, which in particular discusses the important modularity prop-
erty of the trace of the output Gramian Tr ðWout

c Þ. Namely, for any
choice of the sets of input nodes and output nodes, the trace Tr ðWout

c Þ
can be written as a sum of individual contributions, each one of which
corresponds to a pair of input and output nodes. This has direct and
important consequences, as it implies that if we assign the set of
output nodes, a set of k input nodes that minimizes (maximizes)
Tr ðWout

c Þ is simply composed of the k nodes that provide the largest
(smallest) individual contributions. An analogous conclusion is
obtained in the case that a given set of input nodes is assigned, andone
wants to select an optimal set of k output nodes. Furthermore, Sup-
plementary Note 1 relates the output standard deviation to the
H2-norm via the Gramian spectrum, and Supplementary Note 2 pro-
vides upper bounds for the Bode integral in terms of the eigenvalues
and eigenvectors of the matrix A.

Up to this point, we have examined the overall network amplifi-
cation of input signals across frequencies, as quantified by the
H2-norm. However, it is possible that a particular network will pass
certain frequencies and block others, which can be studied by using
Bode plots48. To illustrate the network response from a local, analyti-
cally tractable perspective, we next introduce a simple solvable model

that clarifies how individual frequencies are processed andwill serve as
a reference point for our later analysis.

Example 1. Any periodic input signal can be decomposed into differ-
ent frequencies through its Fourier series decomposition,whichallows
the application of frequency response analysis to generic periodic
input signals. We focus on the unidirectional chain network with N
nodes shown in Fig. 2, where we assume that node 1 is the input node
and nodeN is the output node. For this example, the network Jacobian
A can be written as follows,

A=

�c

w1 �c

w2 �c

. .
. . .

.

wN�1 �c

266666664

377777775, ð7Þ

where wi represents the coupling from node i to node i + 1,
i = 1, . . . , N − 1 and − c≤0 is the stabilizing self-feedback coefficient at
each individual node. The transfer function for this network is,

GðsÞ= w1w2 . . .wN�1

ðs + cÞN
=

ξN
ðs + cÞN

, ð8Þ

where ξN=w1w2…wN−1 is theproductof all the node-to-node couplings
along the chain with N nodes. The schematics for the Bode plot of this
system is shown in Fig. 2 that summarizes our results, wherewe sketch
theBodeplot basedon the parameters c,N,w1,…,wN−1.We see that for
frequenciesω below c, the rate of amplification is given by theDC gain,
but as ω grows larger than c, the amplitude of the output signal
decreases with a rate ∝ 1/ωN. The phase plot has a peak and a low
plateau corresponding to low and high frequencies, respectively. A
negative phase shift arises in the output signal compared to the input
signal, by as much as − 90N degrees in large frequencies. The
cornering frequency is the frequency at which the power output of a
system is reduced to half of its passband value. This corresponds to a 3
dB drop in the magnitude of the signal. Figure 2 shows that the
cornering frequency is equal to c.

Fig. 2 | Bode diagram for chain network. Panel a shows the unidirectional chain
network with N nodes and positive link weights w1, w2, …, wN−1 and the self-loops
with the weights − c ≤0. Panel b shows the Bode plot corresponding to this system
when node 1 is the input node and node N is the output node. In both plots, the ω-
axis is on a log scale.
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The H2-norm squared for G is

k Gk22 =

2N � 2

N � 1

� �
22N�1

ξ2N
c2N�1 =ϕN

ξ2N
c2N�1 :

ð9Þ

The details of the calculation can be found in the Supplementary
Material.

Table 1 displays ϕN for N = 1, 2, …, 6, from which we see that the
coefficients ϕN decay sub-linearly with N.

It is important to study the effects of varying the length of the
chain N on the H2 norm squared in Eq. (9). We first consider the case
that w1 =w2 = :::=wN = �w, then ξN = �wN�1. For this case, we see that as
the length of the chain N grows, k Gk22 in Eq. (9) will either increase or
decrease, depending on whether j�wj> c or j�wj< c, i.e., whether the
magnitude of the node-to-node coupling stimulation exceeds the local
suppression at eachnode. Intuitively, something similarhappens in the
case of heterogeneous wi couplings, i.e., k Gk22 will be large (small)
when eξ > c (eξ < c), where eξ = jξN j 1

N�1 is the geometric mean of the abso-
lute values of the node-to-node couplings along the chain with
N nodes.

We also derived a closed form expression for theH2-norm in the
case in which the self-feedback coefficients at different nodes along
the chain are different c1 ≠ c2 ≠ . . . ≠ cN,

k Gk22 = ð�1ÞNξ2N
XN
i = 1

1
2ci

YN

j = 1;j≠i

1
ðc2i � c2j Þ

: ð10Þ

See the Supplementary Material Note 1.B for our derivations. Overall,
this solvable directed-chain model shows that the chain behaves as a
feed-forward filter: when node-to-node stimulation exceeds local
damping, signals propagate through the chain,whereaswhendamping
dominates, the chain effectively blocks them. This pass-block behavior
mirrors what occurs in more general feed-forward structures in DAG-
like networks18 and, as we demonstrate in the next section, also
underpins signal transmission patterns in a large dataset of real-world
networks.

Analysis of real networks
It is natural to expect thatmany biological networksmayhave evolved
in order to achieve a desired balance between passing and blocking
behavior. For example, certain networks may require amplifying given
input signals, while others may be used to suppress disturbances and
noise. At the same time, a crucial question in technological applica-
tions is how to modify an existing network to enhance its passing
versus blocking characteristics. In this context, both the directedness
of the network-reflecting its asymmetry and hierarchical organization-
and the functional distinction between input nodes (sources) and
output nodes (sinks) are critical in determining signal propagation and
amplification. Hereafter, by sources we refer to the nodes where
energy, matter, or information enter the network from the environ-
ment, initiating dynamical activity that propagates through the net-
work. In food webs, for instance, primary producers such as plants or
phytoplankton act as sources by converting external energy (sunlight)
into biomass17,49,50; in power grids, generators inject electrical energy
into the network51–57; in connectomes, sensory or afferent regions
receive external stimuli and relay signals58–63; in gene regulatory net-
works, upstream transcription factors respond to environmental cues
to regulate downstream targets17,64–67; and in signaling pathways,

receptors at the cellmembrane or intracellular sensors detect external
signals and activate downstream cascades68. These examples under-
score that identifying appropriate sources and sinks based on their
biological or physical roles is essential for understanding and opti-
mizing the passing or blocking characteristics of real-world networks.

By using the analytical tools introduced earlier, particularly the
H2-norm, we now analyze the blocking versus passing behavior of
several empirical networks. In this section, to accommodate different
types of network dynamics, we consider the general nonlinear model
introduced in Sec. A, _ziðtÞ= f ðziðtÞÞ+ σ

P
j
eAij gðziðtÞ, zjðtÞÞ, i = 1, . . , N,

where the specific forms of the functions f and g depend on the
underlying system. These functions vary across applications-for
example, they take different forms in food webs, power grids, and
connectomes-as detailed in the Methods Section “Dynamical models
for each network type”.

In the analysis that follows, for each network model, we evaluate
the Jacobian A of the nonlinear system about a stable equilibrium, and
use the pair (A, B) to calculate the trace of the Gramian Tr(Wc) and the
H2-norm. These Jacobian matrices may have entries with a negative
sign. For detailed information on the nonlinear models and the eva-
luation of the Jacobians, see the Methods Section “Dynamical models
for each network type”. For each dataset, we fix the number of input
nodesm to its empirical (measured) value.Wefirst chooseuniformly at
random 10,000 sets ofm nodes without repetitions, set them as input
nodes, and evaluate Tr(Wc), the trace of the infinite-horizon con-
tinuous-time Gramian. We compare the resulting Tr(Wc) from ran-
domly chosen input nodes with the Tr(Wc) resulting from input nodes
provided by the empirical data. The comparison is performed by
evaluating two measures:

z�score =
x � �x
s

, p�value =
Z xreal

xmin

pðxÞdx mod 0:5, ð11Þ

where �x is the mean of the sample, s is the standard deviation of the
sample, xmin is theminimumof the sample, xreal is the real data choice,
and p(x) is the probability density function such that

R xmax
xmin

pðxÞdx = 1.
We define

Passing network :
Lowp�value ,

large positive z�score ,

�
Blocking network :

Lowp�value ,

large negative z�score ,

�
andwe recall that extreme (largemagnitude) z-scores correspond

to low p-values, indicating statistically atypical configurations, while
small z-scores and high p-values reflect typical behavior. In simple
terms, large positive z-scores correspond to networks that pre-
dominantly pass (amplify) inputs, large negative z-scores correspond
to networks that predominantly block (attenuate) them, and values
near zero indicate networks that are neither particularly passing nor
particularly blocking. The results of z-score vs p-value are shown in
Fig. 3 a. We consider different categories of networks: power grids for
which input nodes are generators, connectomes forwhich input nodes
are sensory neurons, molecular signaling networks for which input
nodes are receptors, gene regulatory networks for which input nodes
are transcription factors, pathway networks for which input nodes are
extracellular ligands, and food webs for which input nodes are auto-
trophs (plants and algae) that sustain themselves via photosynthesis.
For a detailed explanation of the real network dataset, see Supple-
mentary Note 4. For all networks, in the absence of more detailed
information, we set C = I. The violin plots in Fig. 3b, c show the dis-
tribution of Tr(Wc) along with the real network choice. These dis-
tributions and the real network choice are used to evaluate the z-score
and p-value shown in panel a.

Table 1 | The coefficient ϕN in Eq. (9) for different values of the
system order N

N 1 2 3 4 5 6

ϕN
1
2

1
4

3
16

5
32

35
256

63
512
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Figure 3 shows that in pathway networks, food webs, and genetic
networks, the empirical selection of the input nodes results in passing
behavior, while power grids and connectomes do not show a dis-
cernible pattern, since some networks are passing, some are blocking,
and the rest are typical. The case of power grids is interesting as some
of these networks are the most blocking. There are two reasons for
this, the first one being that in these networks, input nodes are the
generator buses where the power is injected into the grid, and the
power flows on the transmission lines are given by the voltage angle
differences. Typically, the generator buses either have many trans-
mission lines to their neighbors, or a few lines with a high capacity,
allowing the power flow to circulate with small angle differences and
therefore ensuring the stability of the grid. One thus expects a power
grid with well connected generators to be blocking in general. The
second reason is that, at odds with the other types of networks con-
sidered here, power grids have a Jacobian matrix A that is close to
symmetric. The latter corresponds to the Jacobian of the voltage angle
dynamics close to the operational state. In a grid where the resistance
is negligible compared to the reactance, A is symmetric. Inclusion of
the transmission line losses adds a slight asymmetry to A, which
remains close to a symmetric matrix. The violin plots confirm our
conclusions while providing a more detailed view, as they display the
entire distribution: atypical values appear in the tails, whereas typical
values cluster near the peak, usually centered around the mean. Con-
nectomes represent another class of networks characterized by nota-
bly strong blocking behavior. In Subsection D, we explain this in terms
of their weak directionality and non-normal properties.

Complementary results are reported in Supplementary Notes 5,
where the empirical adjacency matrix is used instead of the Jacobian

matrix in the evaluation of the H2-norm, yielding comparable results.
In Supplementary Note 6, we consider the largest eigenvalue of the
Gramian, λmaxðWcÞ, as a measure of the maximum amplification rate
achievable by input signals. The findings are analogous to those
reported in themain text, confirming the same qualitative distinctions
between passing and blocking regimes across network types. Supple-
mentary Note 7 further presents histograms of the H2-norm for
empirical networks, comparing two scenarios: (i) the case in which all
nodes serve as input nodes, and (ii) the case inwhichm input nodes are
selected at random, with m equal to the number of inputs in the
empirical dataset.

Directedness as a passing mechanism
Systems such as food webs, signaling pathways, and gene regulatory
networks tend to exhibit larger z-scores and stronger directed hier-
archical structure, being almost or strictly DAGs, consistent with their
high non-normality and directional flow22. Non-normality, which
strongly impacts the behavior of dynamical systems19,20,24, is a promi-
nent feature in many naturally occurring networks, as shown in Refs.
18,22. In contrast, power grids and neural networks are either blocking
or typical. This is consistent with the fact that power grids tend to be
symmetric, in general, and connectomes exhibit weak directedness or
non-normality (see also ref. 22). Based on these structural properties,
one can conjecture that most real-world networks, due to their
inherent directedness, are expected to exhibit passing behavior under
optimal input selection. To shed light on this conjecture, we next
examine why the trace of the Gramian (or equivalently the squared
H2-norm) varies acrossnetwork classes, focusingon their directedness
as captured by the Henrici index39.

Fig. 3 | Real data analysis. Panel (a) shows the z-score vs p-value of the real data
choice of the input nodes based on evaluation of the trace Tr(Wc) for different
empirical networks (based on their Jacobian matrix A and the input matrix B).
Panels (b–f) show the distributions of Tr(Wc) for selected real networks over
10,000 sets of randomly chosen input nodes. The number of randomly cho-
sen input nodes is the same as the number of input nodes from the real data. For

each network, the case corresponding to the empirical selection of the input nodes
is plotted as a red star. The violin plots are shifted for better visualization, such that
the mean of each distribution lies on the dashed black line. Networks within the
same family are plotted using the same color in different panels: (b) Pathway net-
works (blue). c Food Webs (red). d Genetic network (yellow). e Connectomes
(purple). f Power Grids (green).
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The normalized Henrici index bdF ðAÞ is a measure of departure
from normality18 for a matrix A based on the Frobenius norm and is
defined as

bdF ðAÞ : =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k Ak2F �

PN
i = 1 jλij2

q
k AkF

: ð12Þ

Here, ∥ ⋅ ∥F denotes the Frobenius norm, and λi are the (possibly)
complex eigenvalues of the matrix A. If the matrix A is normal, thenbdF ðAÞ=0. If the matrix A is triangular (highest structural non-normal-
ity), then bdF ðAÞ= 1.

Figure 4 shows the normalized trace of the Gramian, Tr(Wc)/N2,
versus

the Henrici index bdF ðAÞ of the Jacobian matrix A. The data is
generated in the sameway as in Fig. 3.We observe a clear trend: higher
Henrici index correlates with a higher normalized trace. Moreover,
networks in the same category cluster together in this plot, revealing
distinct levels of non-normality and signal amplification across cate-
gories. Notably, food webs and signaling pathways exhibit a pro-
nounced scale separation-one to two orders of magnitude higher in
normalized trace compared to other networks. This is consistent with
their (almost) perfect directed acyclic graph (DAG) structure, which
maximizes passing behavior along input-output paths. Interestingly,
while food webs and pathways achieve this via fewer but longer paths,
gene regulatory networks exhibit many very short paths, resembling a
collection of directed star graphs22. As further detailed in the Supple-
mentary Note 4, the normalized trace Tr(Wc)/N2 and the unnormalized
Tr(Wc), both evaluated using the adjacency matrices eA, in place of
Jacobians, reinforce this observation by clustering gene regulatory
networks closer to food webs and pathways, underscoring the role of
perfect directedness in enhancing the passing property.

We will explore these structural mechanisms further in the next
section.

Directed acyclic graphs
Building on the previous findings that highlight the importance of
directed acyclic graph (DAG) structures–both for their prevalence in

real-world networks and their role in facilitating signal
propagation–this section adopts a complementary approach to gain
analytical insight into how directed paths influence the amplification
of signals along input-output pathways.

We focus onopennetworks definedby the triplet (A,B,C). Theoff-
diagonal entries of the matrix A represent the connectivity of a DAG,
while the diagonal entries are negative quantities that represent the
stabilizing self-feedback coefficient at each individual node. By con-
struction, here, we take the matrix A to be a Metzler matrix, i.e., a
matrix for which all the off-diagonal entries are nonnegative. The
quantity of interest is the ji-th entry ofA−1, whichcorresponds to theDC
gain when i is chosen as the input node and j as the output node.
Following69(Theorem 6.4), it is easy to calculate

½A�1�ji =
X

directed pathπ:i!j

Y
k!l2π

Alk

�Akk

� �
1
Ajj

: ð13Þ

The term Alk/(− Akk) inside the product denotes the edge gain divided
by the local leak. Ultimately, the contribution of the gains and leaks
along the path isdividedby the local leak at theoutput node j. Sincewe
require thematrixA to have all eigenvalues with negative real parts for
stability, the main diagonal of the matrix A has all strictly negative
entries, i.e., Aii < 0, ∀ i. Eq. (13) can be simplified to

½A�1�ji = �
X

directed pathπ:i!j

Y
k!l2π

Alk

jAkk j

� �
1

jAjj j
: ð14Þ

It is important to highlight the intuitive interpretation of Eq. (14).
We see that the passing, amplifying, or damping behavior of DAG
networks as open systems depends both on the number of directed
paths from input to output and on the weights of the edges that make
up these paths. Each edge weight contributes to amplification if it is
larger than one, or to attenuation if it is smaller than one; longer paths
compound these effects.Moreover, the self-loops always contribute to
damping-since inour formulation they correspond to the local stability
term -and appear in thedenominator of each term in the sum. Basedon
this reasoning, we can alsounderstandwhy gene networks, which have
many but very short (often one-step) paths, exhibit a considerable
decrease in the normalized trace Tr(Wc)/N2, whereas food webs and
signaling pathways, with fewer but longer weighted paths, maintain
higher normalized trace values.

In conclusion, the DC gain for a directed acyclic graph, can be
expressed as

DC Gain = 20log10 ½A�1�ji
��� ���, ð15Þ

where ½A�1�ji is given explicitly in Eq. (14). Next, we present an illus-
trative example.

Example 2. Figure 5 shows a directed acyclic graph (without con-
sidering self-loops) and its associated matrix A.

For this network, node i = 1 is the input node and node j = 5 is the
output node. There are 3 paths from node 1 to 5: π1 = (1, 2, 4, 5),
π2 = (1, 2, 3, 4, 5), andπ3 = (1, 3, 4, 5). Therefore, applying Eq. (14) results
in

½A�1�51 = � A21A42A54

A11A22A44A55
+

A21A32A43A54

A11A22A33A44A55

� A31A43A54

A11A33A44A55
:

Fig. 4 | Normalized trace of Gramian vs. the non-normality index. The normal-
ized Henrici index cdF ðAÞ of the Jacobian matrix A is defined in Eq. (12). The data is
displayed using the same color andmarker conventions as those in Fig. 3. Pathway,
Food web, Genetic, Connectome, and Power Grid networks are in blue, red, yellow,
purple, and green colors, respectively.
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Note that since we assume negative self-loops for stability, then

½A�1�51 = � A21A42A54

jA11A22A44A55j
� A21A32A43A54

jA11A22A33A44A55j
� A31A43A54

jA11A33A44A55j
:

Frequency response of general networks
Next, we consider general network topologies-without requiring a
DAG structure-while retaining the assumption that the matrix A is
Metzler and has negative real part eigenvalues. We find that the slope
of the magnitude plot for large frequencies (ω≫ cornering frequency)
and the final phase for large frequencies follows the general relations,

slope = � 20ðd + 1Þ, final phase = � 90ðd + 1Þ, ð16Þ

where d is the shortest path length from the input node to the output
node without considering the weights. Alternatively, d + 1 is the
effective order of the dominant pole at the cornering frequency c,
where − c is the largest real-part eigenvalue of the matrix A. Figure 6
confirms our above relations for the slope, the final phase, and the
cornering frequency. Note that in this example, if one considers the
weights when evaluating d, then the path that goes from the input
node to node 2 and then to the output node is no longer the shortest,
while the shortest path involves visiting node 4 before node 2. The
evaluation of theweighted shortest path does notmatch the numerical
results shown in the left panels of Fig. 6, while our definition of the
shortest unweighted path length matches.

Discussion
In this work, we propose a general theory to study how networked
dynamical systems behave as open systems-processing, amplifying, or
attenuating environmental inputs depending on their internal struc-
ture and the specific configuration of input and output nodes. We
employ the H2-norm as a robust and universal metric to quantify the
degree of input-to-output signal amplification across a wide class of
inputs, including sinusoidal, periodic, and stochastic signals. Within
this framework, we show how the frequency response of an arbitrary
network, including its Bodeprofile, is affected jointly by theunderlying
topology and by the choice of input and output nodes. We also
examine the H2-norm across several empirical networks and derive
new closed-form results for directed acyclic graphs and in the zero-
frequency limit. In addition, we obtain an asymptotic approximation

for the trace of the Gramian in the regime dominated by strongly
stable dynamics, andwe uncover amodularity property of the squared
H2-norm that applies to both input and output nodes, extending
previous results that focused only on inputs.

Our theoretical results demonstrate that the signal amplification
characteristics of a network are strongly influenced by structural factors
such as the location of input and output nodes, the node-to-node
weighted connectivity, and unweighted shortest path distances. We
establish relationships between the network topology and signal trans-
mission behavior, providing conditions under which a network tends to
either pass or block signals, based on frequency response and DC gain
analyses. Importantly, we identify network topologies that exhibit opti-
mized configurations, either facilitating transmission (passing) or sup-
pressing disturbances (blocking), reflecting functional demands of the
network with its environment and constraints arising from evolution or
design. The work in ref. 70 investigates open networks in discrete time;
however, it does not consider their frequency response.

An empirical analysis of networks across diverse domains,
including power grids, gene regulatory systems, and neural con-
nectomes, supports our theoretical predictions and highlights the
broad applicability of our framework. We find that food webs, sig-
naling pathways, and gene regulatory circuits are often structurally
organized to enhance the passing of signals, while the structure of
engineered systems like power grids tends to suppress signal and
noise propagation. Overall, this study lays the groundwork for sys-
tematic characterization and optimization of open networks, with
potential applications in network design, control, and the inter-
pretation of naturally occurring network dynamics. This exploration
of empirical network structures, together with the dynamics
they support, complements and further previous works which
focused on the effect of topology and nonlinearities on the propa-
gation of perturbations or on specific network structures that
amplify or reduce fluctuations26,27,71.

Most of the previous effort in investigating the response of net-
works of coupled dynamical systems to external inputs has focused on
undirected networks. Many of the results obtained for undirected
networks do not generalize to directed ones, which are typically more
challenging to investigate. In this work, we have applied tools and
obtained results that apply to generic (non-normal) network topolo-
gies and uncovered that directedness provides a fundamental passing
mechanism. Inparticular, our data analysis reveals thatdirected acyclic
graphs (DAGs), a topological feature that is prevalent in food webs,
signaling pathways, and gene regulatory networks-exhibit strong
passing behavior. This empirical observation aligns with our analytical

5

4

32

1

Fig. 5 | Directed Acyclic Graph (excluding self-loops) and its corresponding Jacobian matrix A. The input and the output nodes are shown in blue and orange,
respectively. Self-loops are considered to provide asymptotic stability of the linear dynamics.
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results for DAGs, which demonstrate that amplification and attenua-
tiondependexplicitly on thenumber and lengthof theweighted input-
output paths, as well as on attenuation effects at the node level. Taken
together, these findings are consistent with the previous studies of
directed, non-normal networks, where strong asymmetries in the
interaction pattern generate source-sink hierarchies, suppress back-
propagation, and biasflows directionality. In such architectures, which
are often structurally close to acyclic and possess a dominant directed
backbone with only weak feedback loops, perturbations are funneled
toward terminal components and sink nodes, naturally favoring one-
way signal transfer17–19,22,25.

While our analysis captures how network structure shapes signal
propagation, it relies on the lineardynamics encoded in the Jacobianof
the underlying nonlinear system. As we emphasize, the LTI description
reflects only thefirst-order behavior aroundafixedpoint, anddifferent
nonlinear models defined on the same structure-or even different
equilibria of the same model-can yield different Jacobians and thus
different response patterns. This is an inherent limitation of any
linearization-based approach. Nevertheless, linear analysis often pro-
vides meaningful insight into regimes where systems operate near
criticality or inweakly nonlinear phases, where the Jacobian accurately
captures local signal propagation. Outside these conditions, fully
nonlinear effects become essential and lie beyond the scope of the
present work.We also note that someof our results, in particular those
in Secs. II E and II F, are limited to the case of non-negative weights
associated with the network edges.

Our work provides direct insight into how to tune theH2-normof
an open network-either increasing it by strategically adding input or
output nodes, or reducing it by removing them. This insight enables a
principled approach to ranking nodes based on their contribution to
the network’s amplification properties, leveraging the modularity of
the output Gramian. These findings have direct implications for engi-
neering and bioengineering applications, for which achieving an
optimal balance between blocking and passing behavior is often
essential.

Several key questions about how complex systems respond to
perturbations remain open. For instance, time-varying coupling-aris-
ing from failures or from the intrinsic evolution of the underlying
network-may strongly affect signal transmission, and the impact of
control actions triggered by propagating perturbations is still poorly
understood. Furthermore, mounting evidence points to the pivotal
role of higher-order (beyond pairwise) interactions in networked
systems72–76, raising the question of how such multi-body couplings
modulate their response and resilience to perturbations. Addressing
these issues represents an important direction for future work.

Methods
From nonlinear to linearized equations
We start from the general set of equations for the network dynamics
we consider in this paper,

_ziðtÞ= f ðziðtÞÞ+ σ
X
j

eAij gðziðtÞ, zjðtÞÞ, ð17Þ

i = 1, . . , N, where ziðtÞ 2 R is the state of system i, the function
f : R ! R describes the intrinsic dynamics of each node, g : R×R !
R the pairwise interactions, the scalar σ the global coupling strength,
and eA 2 RN ×N the directed adjacency matrix of the network. The
specific forms of the functions f and g depend on the underlying net-
work dynamics-for example, they differ for food webs, power grids,
and connectomes-as detailed in the Methods Section “Dynamical
models for each network type”.

Linearization of Eqs. (17) around a stable fixed point z*i , i = 1, . . . ,N,
yields the LTI dynamics,

_xiðtÞ=Aii xiðtÞ+
X
j≠i

Aij xjðtÞ, ð18Þ

i = 1, . . . , N, with Aii = f 0ðz*i Þ+ σ
P

j
eAij ∂1gðz*i , z*j Þ capturing the local

stability of the intrinsic dynamics togetherwith the self-dependence of

Fig. 6 | Bode diagram for a general weighted network. Bode plot (left panels) of
the network shown on the right. Thematrix A defining the topology of the network
is shiftedA←A− cI such that the largest real part eigenvalue of thematrixA is − 1. All
nodes have self-loops of weight − c, which are not shown for better visualization.

The shortest pathwithout considering edgeweights is from the input node to node
2 and then to the output node, which has a length of d = 2. The slope of the
magnitude after the cornering frequency c = 1 is slope = − 60, and the final
phase = − 270.
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the interactions, and Aij = σeAij ∂2gðz*i , z*j Þ encoding the linearized
influence of node j on node i. Note that this equation is equivalent to
our main equation (1) in the absence of inputs u(t) = 0.

As an example, we consider anN = 6-node networkwith adjacency
matrix,

eA=

0 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 0

0 0 1 0 1 0

0 0 0 0 0 1

0 0 1 0 0 0

2666666664

3777777775
:

With this choice of the adjacency matrix, we adopt the Michaelis-
Mentenmodel77, a standard framework for describing the dynamics of
gene-regulatory and metabolic networks,

dziðtÞ
dt

= � αiz
a
i ðtÞ+ κ

XN
j = 1

eAij

zhj ðtÞ
1 + zhj ðtÞ

, ð19Þ

i = 1,…, N, where zi(t) represents the expression of gene i at time t and
wthout loss of generality, we set a = 2, h = 1, κ = 1, and αi = 1 at all nodes.
Further details on this model can be found in the Methods Section
“Dynamical models for each network type”.

We compute the Jacobian about the fixed point
z* = [0.692, 0.921, 0.618, 0.874, 0.618, 0.618]T,

A=

�1:384 0:271 0 0 0 0

0 �1:842 0:382 0:2847 0 0

0 0 �1:236 0 0:382 0

0 0 0:382 �1:748 0:382 0

0 0 0 0 �1:236 0:382

0 0 0:382 0 0 �1:236

2666666664

3777777775
:

We note the similarity in the structure of the matrices A and eA
above. In particular, the Jacobian A is a weighted version of the net-
work adjacency matrix eA plus a diagonal matrix, since the off-diagonal
entries of the Jacobian multiply the original entries of the adjacency
matrix, and self loops might exist. When the fixed point is homo-
geneous across nodes, these weights reduce to a uniform rescaling of
the adjacency matrix. Application of a spectral shift A ← A − cI, c > 0,
only adds a uniform damping term and does not affect the eigenvec-
tors of the matrix A. As a result, the network structure and qualitative
dynamical response are preserved, with the shift modifying only the
global timescale7–9.

Frequency response example
Figure 7 shows an input signal made of two sinusoidal components
with different frequencies and amplitudes. The input signal enters the
network through the blue node and results in the output signal
measured at the red node. The output signal has the same two fre-
quencies as the input signal, but with different amplitudes and phases.
We see that the amplitude of the low-frequency input is slightly
amplified (from 1 → 1.4), while the amplitude of the high-frequency
input is damped (from 0.2 → 0.002).

Technical details. The pair (A, B) is selected from our dataset for the
connectome network “Macaque 30”. The network has 30 nodes and
has 7 input nodes. Node 4 was selected as the input (shown in blue in
Fig. 7), and node 1 was selected as the output (shown in red in Fig. 7).
The distance from the input to the output node is d = 2. The input and

the output signals are composed of the following components:

Low Frequency input = sinð2πtÞ, ð20aÞ

High Frequency input =0:2 sinð40πtÞ, ð20bÞ

Low Frequency output =A1 sinð2πt +ϕ1Þ, ð20cÞ

High Frequency output =A2 sinð40πt +ϕ2Þ, ð20dÞ

where

A1 = jGð2πEDÞj= 1:41, ϕ1 =ffGð2πEDÞ= � 86�, ð20eÞ

A2 = jGð40πEDÞj=0:002, ϕ2 =ffGð40πEDÞ= � 251�, ð20fÞ

where J =
ffiffiffiffiffiffi
�1

p
. The amplitude and the phases of the output compo-

nents can be seen in the Bode plot in the bottompanel of Fig. 7 (shown
as green circles for the low-frequency signal and purple squares for the
high-frequency signal). Note that magnitudes of 1.41 and 0.002
correspond to dB values 20log10ð1:41Þ=3 and 20log10ð0:002Þ= � 54,
respectively.

DC Gain
In the limit of the frequency variable approaching zero, ω → 0, the
transfer function G(Jω) simplifies as follows:

DC Gain = limω!020 log10jGðJωÞj
= limω!020 log10jCðJω� AÞ�1Bj
= 20 log10jCA�1Bj,

Phase = limω!0ffGðJωÞ= limω!0ffCðJω� AÞ�1B

=ffð�CA�1BÞ:

In the case where an external signal is applied to node i and the
response is measured at node j, so that B = ei and C = e>j , the expres-
sions simplify to

DC Gain = 20log10 ½A�1�ji
��� ���=20log10 Qij

detðAÞ

���� ����, ð22Þ

Phase =ff½A�1�ji =ff
Qij

detðAÞ

� �
, ð23Þ

where Qij denotes the (j, i)-th cofactor of A, defined as

Qij = ð�1Þi + j detðMijÞ,

with Mij the submatrix of A obtained by deleting row i and column j.

Properties of the controllability Gramian
The controllability Gramian is a symmetric and positive semi-definite
matrix. The system is called controllable if and only if the matrix is
nonsingular. The Gramian can be directly related to the energy
required to steer the system around the state space. Assuming the
initial condition for the system is at the origin, and the desired final
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Fig. 7 | An example based on a real connectome network. The pair (A, B) is
selected fromourdataset for the connectomenetwork “Macaque30''. Thenetwork
consists of 30 nodes, of which 7 are input nodes. Panel (a) shows the transmission

of a low-frequency input signal and attenuation of a high-frequency signal. Panel
(b) shows the Bode plot associated with the system.
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state is xf, then the solution to the minimum energy problem is

Energy =
1
2

Z 1

0
uðtÞ>uðtÞ= x>

f W
�1
c xf : ð24Þ

Here, the entries on the main diagonal of W�1
c represent the energy

required for steering the system in canonical directions ei,
i.e., Energy = e>i W

�1
c ei = ½W�1

c �ii.

Trace of continuous-time controllability Gramian. We proceed
under the assumption that all the eigenvalues of the matrix A have a
negative real part. We see that an important role is played by the
largest real part of the eigenvalues a=maxi<ðλiðAÞÞ<0. If a is large in
magnitude, the trace of the continuous-time Gramian will be propor-
tional to the number of input nodes m, i.e.,

Tr ðWcÞ=
m
2jaj , ð25Þ

where a=maxi<ðλiðAÞÞ<0. To see this, we write A = aI + Δ. From the
continuous-time Lyapunov Equation we have

AWc +WcA
> +BB> = ðaI +ΔÞWc +WcðaI +ΔÞ> +BB>

=2aWc +ΔWc +WcΔ
> +BB>:

ð26Þ

Since∥Δ∥≪ ∣a∣, thenΔ acts as a small perturbation. Dropping the terms
containing Δ, we have Wc � 1

2jajBB
> which implies

TrðWcÞ �
Tr ðBB>Þ
2jaj =

m
2jaj : ð27Þ

An example of this is shown in Fig. 8, where Tr(Wc) is evaluated for
selected real networks. We see that when a, the largest real part of the
eigenvalues of thematrixA is large inmagnitude (panel a), Tr(Wc) ≈m/
(2∣a∣), and when the magnitude is small (panel b), the trace no longer
has a linear relationship with m.

Modularity. An important property of the trace of the output Gramian
is modularity78. Modularity is analogous to linearity, which means that
each element of a subset gives an independent contribution to the
function value. In the particular case of the trace of the output Gra-
mian, it is shown that the contribution of each column of the matrix B
to the trace is independent of the others, so one can check the con-
tribution of each column individually and select the columns that
provide desired contributions (e.g., the columns that minimize/max-
imize the trace). In what follows, we provide the mathematical defini-
tion of modularity.

We consider the set optimization, which is the selection of a k-
element subset ofV = f1, 2, . . . ,Mg such that the function f : 2V ! R is
maximized:

maxS�V, jSj= k f ðSÞ: ð28Þ

In ref. 78, it was shown that the actuator selection for the control of
linear systems (as selection of input nodes for a networked system) can
be formulated as a set optimization.

Definition 1. (Modularity78). A set function f : 2V ! R is called mod-
ular if for all subsets A,B � V, it holds that

f ðAÞ+ f ðBÞ= f ðA∪BÞ+ f ðA \ BÞ: ð29Þ

If f is modular, the optimization problem (28) is easily solved by
simply evaluating the set function for each element, sorting the result,

and then choosing the top k individual elements from the sorted list to
obtain the best subset of size k.

The trace of the output Gramian CWcC⊤ also has a modularity
property with respect to the rows of the output matrix C. This means
that Tr ðCWcC

>Þ= PN
j = 1 Cj, :WcC

>
j, :, where Cj, : 2 R1 ×n is row j of the

matrix C. To see this, we use the cyclicity and linearity of the trace and
write

Tr CWcC
>	 


= Tr WcC
>C

	 

= Tr Wc

XN
j = 1

C>
j, :Cj, :

 !

=
XN
j = 1

Tr WcC
>
j, :Cj, :

� �
=
XN
j = 1

Tr Cj, :WcC
>
j, :

� �
=
XN
j = 1

Cj, :WcC
>
j, ::

One interesting question is how to select a set of k nodes in
the network as input nodes so that the trace of the output Gra-
mian is maximized or minimized. Through the modularity prop-
erty of the trace, the trace is recorded when each node is set as
the input node. Then, the k nodes that have resulted in the
maximum/minimum trace are selected as the optimal choices for
input nodes.

Properties of the trace of the output controllability Gramian. We
define the set of input nodes I and the set of output nodes O. The
matrices B and C are uniquely defined by the set of input nodes I and
the set of output nodes O, as we explain next. The columns of the
matrix B are versors corresponding to the input nodes, i.e., each col-
umn has all zero entries except for a unique entry equal to one in the
position corresponding to each one of the input nodes in I . The rows
of the matrix C are versors corresponding to the output nodes, i.e.,
each row has a unique element equal to one in the position corre-
sponding to each one of the output nodes in the set O.

In accordance with the main manuscript, we define the H2-norm
squared of the network as an open system,

H2
2ðA, I ,OÞ= Tr ½CWcC

>�, ð30Þ

whereWc is the continuous-time controllability Gramian,

Wc =
Z +1

0
eAtBB>eA

>tdt: ð31Þ

The following two properties hold:
Additivity of theH2-normwith respect to the input nodes. Consider

the input node set I = I 1 ∪ I2, I 1 \ I2 =+, then

H2
2ðA, I ,OÞ=H2

2ðA, I 1,OÞ+H2
2ðA, I2,OÞ: ð32Þ

The proof can be found in ref. 78. From (32) it follows trivially that

H2
2ðA, I ,OÞ=

X
i2I

H2
2ðA, i,OÞ: ð33Þ

Additivity of the H2-norm with respect to the output nodes. Con-
sider the output node set O=O1 ∪O2, O1 \O2 =+, then

H2
2ðA, I ,OÞ=H2

2ðA, I ,O1Þ+H2
2ðA, I ,O2Þ: ð34Þ

The proof follows from these two facts: (i) the output Gramian
with output set Oi is equal to a minor of the Gramian obtained by
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selecting the rows/columns of the Gramian corresponding to the
nodes inOi

9 and (ii) the trace of a squarematrix is equal to the sum of
the elements on the main diagonal. From (32) and (34) it follows tri-
vially that

H2
2ðA, I ,OÞ=

X
o2O

H2
2ðA, I , oÞ=

X
i2I

X
o2O

H2
2ðA, i,oÞ, ð35Þ

where H2
2ðA, i,oÞ is the individual contribution of input node i and

output node o to the overall H2-norm of the network.

Dynamical models for each network type
The matrix A considered in this work is the Jacobian of the network
dynamics close to a stable fixed point, for each type of network.
Therefore, it dependsonboth the specific structure of thenetwork and
the dynamics that it supports. Here, we describe the dynamicalmodels
we used for each type of network dynamics considered in this study.

Foodwebs.We employ the generalized Lotka-Volterramodel, which is
a well-knownmodel of competition andmutualism among interacting

species18,79–81. The governing equations of this model are:

dziðtÞ
dt

= ziðtÞ ri � siziðtÞ+
X
j≠i

eAijzjðtÞ
 !

, ð36Þ

i = 1,…, N, where zi(t) is the population of species i, ri are the intrinsic
rates of birth if ri > 0, or death if ri < 0. The positive constants si
represent the finite carrying capacity of the ecosystem (limited
resources) and prevent species i from growing indefinitely. The inter-
action among species is given by the adjacency matrix eA= ½eAij �, which
has zeros on its main diagonal, i.e., eAii =0, 8i.

Following18, we assume si = 1, ∀ i, for simplicity. For a proper
choice of ri, the point z*i = 1, 8i, is the fixed-point of the system (if
ri =

P
j≠i
eAij , 8i). Under these conditions, the Jacobian matrix A = [Aij]

evaluated at the fixed-point x*
i = 1 becomes

Aij =
�Pk≠i

eAik , if i= j,

�eAij , if i≠j:

(
ð37Þ

Fig. 8 | Linear relationship between the trace and the number of input nodes.
The trace of the infinite-horizon continuous-time Gramian Tr(Wc) for different real
networks vs the number of their input nodesm. In panels (a, b), the matrices A are
shifted so that for all networks the largest real part eigenvalues is − 103 and − 1,

respectively. The dashed black line indicates the linear relationship in Eq. (25):
Tr(Wc) =m/2∣a∣ =m/2(103). The same dashed black line is maintained in Panel b for
easier comparison.
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The Jacobian A has all non-positive real-part eigenvalues for net-
works with non-negative weights (this follows from the Gershgorin
circle theorem). In practice, itmay sometimes happen that thematrixA
has zero eigenvalues, which is undesiredwhen calculating theGramian
(the Gramian will not converge). Therefore, we apply the spectral shift
A← A − cI and properly choose c so that the largest real part eigenvalue
of thematrixA is − 1. The input nodes are identified, and thematrixB is
constructed as detailed in Supplementary Note 4A. We then perform
our analysis for the pair (A, B), where the matrix B is constructed using
knowledge of the particular selection of the input nodes from the
empirical datasets.

Connectomes. Following82,83, we use the Kuramoto model36 to
describe the interaction dynamics within connectome networks,

dθiðtÞ
dt

=ωi �
K
N

XN
j = 1

eAij sinðθiðtÞ � θjðtÞÞ, ð38Þ

i = 1,…, N, where θi ∈ (− π, π] and ωi 2 R correspond, respectively, to
the phase and the natural frequency at node i. The N-dimensional
matrix eA= ½eAij � is the adjacency matrix, describing the network topol-
ogy, and N is the number of nodes. When κ = K

N is large enough, the
system typically reaches a phase-locking state where all the phases
evolve at the same angular frequency given by Ω=N�1PN

j = 1 ωj . The
phase-locked state is defined as the state at which dθi(t)/dt = Ω, ∀ i.
Therefore, the phased-locked state for oscillator i is θ*i ðtÞ=θ*

i ð0Þ+Ωt.
The Jacobian of the system A = [Aij] linearized about the phase-

locked state is,

Aij =
�Pk

eAik cosðθ*
i ð0Þ � θ*kð0ÞÞ, if i= j,

eAij cosðθ*i ð0Þ � θ*
j ð0ÞÞ, if i≠j:

8><>: ð39Þ

In this case, the Jacobian A has some of the entries in its rows equal
zero, thus it has at least one eigenvalue equal to 0. Since our metho-
dology requires asymptotic stability, we apply the spectral shift
A← A − cI and properly choose c so that the largest real part eigenvalue
of thematrixA is − 1. The input nodes are identified, and thematrixB is
constructed as detailed in Supplementary Note 4B. We then perform
our analysis for the pair (A, B), where the matrix B is constructed from
knowledge of the particular selection of the input nodes derived from
the empirical datasets.

In our simulations, we randomly select the natural frequencies ωi

from the standard uniform distribution (between 0 and 1). We set
K = N, so that κ = 1.

Power grids. We consider a simplified swing dynamics for the voltage
angles, including losses on the transmission lines. The dynamics obeys
the equations33,

dθiðtÞ
dt

= Pi �
X
j≠i

Bij sinðθi � θjÞ+Gij ½1� cosðθi � θjÞ�, ð40Þ

i = 1,…,N, where θi∈ (− π, π] is the voltage phase and Pi is the injected/
consumedpower at bus (node) i. The transmission line betweenbuses i
and j have susceptance Bij, and conductance Gij. The Jacobian matrix A
is then obtained by linearizing the dynamics around a stable opera-
tional state of the grid, which corresponds to a phase-locked state
similar to Sec. IV E 2. Each fixed point depends on the topology of the
grid and the dispatch of injected/consumed power Pi. The entries of
the Jacobian are,

Aij =
�Pk≠i

eAik cosðθ*i � θ*k + γijÞ, if i= j,

�eAik cosðθ*
i � θ*

j + γijÞ, if i≠j,

(
ð41Þ

where eAij =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
ij +G

2
ij

q
, and γij = arctanð�Gij=BijÞ. As the rows of the

matrix A in (41) sum to zero, it has at least one vanishing eigenvalue. As
for the previous models, since our methodology requires asymptotic
stability, we apply the spectral shift A ← A − cI and properly choose c so
that the largest real part eigenvalue of the matrix A is − 1. The input
nodes are identified, and the matrix B is constructed as detailed in
supplementary note 4c. We then perform our analysis for the pair
(A, B), where the matrix B is constructed from knowledge of the par-
ticular selection of the input nodes derived from the empirical datasets.

Genetic and pathway networks. We use the regulatory model
(Michaelis-Menten model77) to capture pathways and genetic dynam-
ics. The model obeys the equations,

dziðtÞ
dt

= � f iz
a
i ðtÞ+ κ

XN
j = 1

eAij

zhj ðtÞ
1 + zhj ðtÞ

, ð42Þ

i = 1, …, N, where zi(t) is the gene expression at time t, the local
dynamics �f iz

a
i ðtÞ captures biochemical processes (where the expo-

nent a depends on the process), the matrix eA= ½eAij � is the weighted
adjacency matrix of the network, and the term zhj ðtÞ=ð1 + zhj ðtÞÞ
describes genetic activation, in which the exponent h modulates the
saturation of the termand is associatedwith the level of cooperation in
gene regulation. For further details of the model and its nonlinear
analysis, see ref. 27(Supplementary Section 4.2).

The Jacobian of the system linearized about the active fixed-point
(a fixed-point other than the origin) z* = ½z*i � is A = [Aij] where

Aij =
�f iaz

*
i
a�1

, if i= j,

κeAij
hz*

h�1
j

ð1 + z*hj Þ
2 , if i≠j:

8><>: ð43Þ

As with other models, we apply the spectral shift A ← A − cI and
properly choose c so that the largest real part eigenvalue of the matrix
A is − 1. We then perform our analysis for the pair (A, B), where the
matrix B is constructed from knowledge of the particular selection of
the input nodes derived from the empirical datasets, see Supplemen-
tary Notes 4D and 4E.

In our simulations, we set a = 2, h = 1, κ = 1, and sample fi from the
standard uniform distribution (between 0 and 1). With this choice of
parameters, an active fixed-point (a fixed-point other than the origin)
exists and is stable.

Data availability
All data generated or analyzed during this study are included in this
published article (and its supplementary information files).

Code availability
The source code for the numerical simulations presented in the paper
will be made available upon request, as the code is not required to
support the main results reported in the manuscript.
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